
I. Optimization in Machine Learning: Optima Types

In machine learning, optimization is the process of adjusting the parameters (weights) of a model 
to minimize the error (loss function). Think of it as finding the lowest point in a landscape where 
the "height" represents the error.

Here are the three critical types of points you will encounter in this landscape.

1. Global Optima (The Goal)

The Global Optimum (usually a Global Minimum in ML) is the absolute best solution for the 
entire problem. It is the point where the loss function has the lowest possible value compared to 
all other possible parameter settings.

 Explanation: If you reach the global minimum, your model has achieved the best possible 
theoretical performance for that specific architecture and data.

 Convex Functions: In "Convex" problems (like Linear Regression), the landscape is 
shaped like a perfect bowl. In these cases, any low point you find is guaranteed to be the 
Global Minimum.

 Diagram:

2. Local Optima (The Trap)

A Local Optimum (Local Minimum) is a point that is better than all its immediate neighbors but 
not the absolute best solution overall.

 Explanation: Imagine you are hiking down a mountain and get stuck in a small valley. 
Every step you take in any direction goes up, so you think you are at the bottom. However, 
there might be a much deeper valley (the Global Minimum) just over the next ridge.

 Why it happens: Deep Neural Networks have highly "Non-Convex" loss landscapes, 
meaning they have many hills and valleys. Standard algorithms like Gradient Descent can 
get stuck in these local valleys.

 Diagram:

3. Saddle Points (The Illusion)

A Saddle Point is a point where the gradient is zero (flat), but it is neither a minimum nor a 
maximum. It is called a saddle point because it looks like a horse saddle: it curves up in one 
direction and down in another.

 Explanation: In high-dimensional spaces (like Deep Learning with millions of 
parameters), algorithms are actually more likely to get stuck at saddle points than local 
minima.

 The Problem: At a saddle point, the slope is zero, so the optimizer thinks it has finished 
(converged), but it hasn't actually minimized the error. It's just sitting on a flat ridge.

 Diagram:

Comparison Example: The "Foggy Mountain" Analogy

Imagine you are a blindfolded hiker trying to find the lowest point of a vast, rugged terrain.



Type Analogy Result

Global 
Minimum

You are at the absolute bottom of the deepest 
sea trench.

Best possible model.

Local 
Minimum

You are at the bottom of a lake, but the ocean is 
still miles away.

Good model, but 
could be better.

Saddle Point
You are standing on a flat mountain pass. 
Forward goes down, backward goes down, but 
left and right go up.

Model stops learning 
prematurely.

Youtube Video

What Are Saddle Points?

This video is relevant because it specifically visualizes saddle points in 3D, which is the hardest 
concept to grasp intuitively among the three optima types.

Would you like me to explain how specific optimizers like Momentum help escape these Local 
Optima and Saddle Points?

II. Optimization Method Classes
In machine learning, we classify optimization algorithms based on how much information they 
use to navigate the loss landscape. Think of it as different strategies for finding the bottom of a 
dark valley.

There are three primary classes you need to know for your exam:

1. First-Order Methods (Gradient-Based)

These are the standard "workhorses" of Deep Learning. They rely on the Gradient (first 
derivative), which tells you the slope of the hill.

 Mechanism: They calculate the slope at the current point and take a step in the opposite 
direction (downhill).

 Analogy: You are a hiker walking down a mountain in thick fog. You feel the ground with 
your feet to see which way is "down" and take a step that way.

 Examples: Gradient Descent, Stochastic Gradient Descent (SGD), Adam, RMSProp.

 Pros/Cons: Very efficient for huge datasets (like Deep Learning) but can get stuck in zig-
zag patterns near the goal.

1. Gradient Descent and Its Variants

Gradient Descent is an optimization algorithm used for minimizing the objective function by 
iteratively moving towards the minimum. It is a first-order iterative algorithm for finding a local 
minimum. The algorithm works by taking repeated steps in the opposite direction of the gradient 
of the function at the current point because it will be the direction of steepest descent.

Let's assume we want to minimize the function f(x)=x2 using gradient descent.

https://www.geeksforgeeks.org/machine-learning/gradient-descent-algorithm-and-its-variants/


 The main function gradient_descent takes the gradient, a starting point, learning rate, 
number of iterations and a convergence tolerance.

 In each iteration, it calculates the gradient at the current point and updates the point in the 
opposite direction of the gradient (descent), scaled by the learning rate.

 The update continues until either the maximum number of iterations is reached or the 
update magnitude falls below the specified tolerance.

 The final result is printed which should be a value close to the minimum of the function.

Variants of Gradient Descent

 Stochastic Gradient Descent (SGD)  : This variant suggests model update using a single 
training example at a time which does not require a large amount of computation and 
therefore is suitable for large datasets.

 Mini-Batch Gradient Descent  : This method is designed so that it computes it for every 
mini-batches of data, a balance between amount of time and precision. It converges faster 
than SGD and is used widely in practice to train many deep learning models.

 Momentum  : Momentum improves SGD by adding information of the previous steps of 
the algorithm to the next step. By adding a portion of the current update vector to the 
previous update, it enables the algorithm to go through flat areas and noisy gradients to 
minimize the time to train and find convergence.

Diagram: Steepest Descent

The path follows the steepest slope directly, often "zig-zagging" towards the minimum.

2. Second-Order Methods (Hessian-Based)

These methods use both the Gradient (slope) and the Hessian (curvature). The curvature tells 
you how the slope is changing (curving).

 Mechanism: Instead of just looking at the slope, they fit a quadratic surface (a parabola) 
to the local area and jump directly to its minimum. They "predict" the shape of the valley.

 Analogy: You are a hiker with a topographic map. You can see the curvature of the valley, 
so you take a smarter, more direct path rather than just reacting to the ground under your 
feet.

 Examples: Newton's Method, BFGS (Quasi-Newton).

 Pros/Cons: Converges much faster (fewer steps) but is computationally extremely 
expensive because calculating the Curvature Matrix (Hessian) for millions of parameters is 
almost impossible.

Second-order algorithms

Now that we have discussed about first order algorithms lets now learn about Second-order 
optimization algorithms. They use both the first derivative (gradient) and the second 
derivative (Hessian) of the objective function. The Hessian provides information about the 
curvature, helping these methods make more informed and accurate updates. Although they often 
converge faster and more precisely than first-order methods, they are computationally expensive 
and less practical for very large datasets or deep learning models.

https://www.geeksforgeeks.org/machine-learning/ml-momentum-based-gradient-optimizer-introduction/
https://www.geeksforgeeks.org/machine-learning/ml-mini-batch-gradient-descent-with-python/
https://www.geeksforgeeks.org/machine-learning/ml-stochastic-gradient-descent-sgd/


Below are some Second-order algorithms:

1. Newton's Method and Quasi-Newton Methods

Newton's method and quasi-Newton methods are optimization techniques used to find the 
minimum or maximum of a function. They are based on the idea of iteratively updating an 
estimate of the function's Hessian matrix to improve the search direction.

Newton's Method

Newton's method is applied on the basis of the second derivative in order to minimize or maximize 
Quadratic forms. It has faster rate of convergence than the first-order methods such as gradient 
descent but has calculation of second order derivative or Hessian matrix which is a challenge when 
dimensions are high.

Let's consider the function f(x)=x3−2x2+2 and find its minimum using Newton's Method:

 f_prime(x) is the first derivative f ' ( x )=3 x2−4 x, used to locate critical points.

 f_double_prime(x) is the second derivative f ' ' ( x )=6 x−4, used to refine convergence and 
ensure curvature.

 The newtons_method function iteratively updates the estimate using: xnew=x−
f ' ( x )
f ' ' ( x )

.

 Iteration stops when the step size is below a small threshold (tol) or max_iter is reached.

 Starts at x0=3.0 and returns the value of x where a local minimum is achieved.

 Final output shows the estimated value of x where f(x) is minimized.

Quasi-Newton Methods

Quasi-Newton methods are optimization algorithms that use gradient and curvature information 
to find local minima, but avoid computing the Hessian matrix explicitly(which Newton's Method 
does). It has alternatives such as the BFGS (Broyden-Fletcher-Goldfarb-Shanno) and the L-BFGS 
(Limited-memory BFGS) suited for large-scale optimization due to the fact that direct computation 
of the Hessian matrix is more challenging.

 BFGS: A method such as BFGS constructs an estimation of the Hessian matrix from 
gradients. It uses this approximation in an iterative manner where it can obtain quick rates 
of convergence comparable to Newton’s Method without the necessity to compute the 
Hessian form.

 L-BFGS: L-BFGS is a memory efficient version of BFGS and suitable for solving problems 
in large scale. It maintains only a few iterations' updates which results in greater scalability 
without sacrificing the properties of BFGS convergence.

Diagram: Newton's Method Jump

Notice how the second-order method (Blue) takes a more direct curve to the center compared to 
the zig-zag of the first-order method (Red).

3. Zeroth-Order Methods (Derivative-Free / Heuristic)

These methods do not use derivatives at all. They are used when the function is "black-box" 
(unknown math), non-differentiable (broken/sharp edges), or discrete.

https://www.geeksforgeeks.org/machine-learning/newtons-method-in-machine-learning/
https://www.geeksforgeeks.org/machine-learning/optimization-in-neural-networks-and-newtons-method/


 Mechanism: They evaluate the function at multiple random or planned points and 
compare the results to decide where to move next.

 Analogy: You send out 50 paratroopers (scouts) to random locations on the mountain. 
They radio back their altitude. You then guide the whole team towards the scouts who 
reported the lowest altitude.

 Examples: Genetic Algorithms (GA), Particle Swarm Optimization (PSO), Simulated 
Annealing.

 Pros/Cons: Can solve very complex, "broken" functions where gradients don't exist, but 
they are generally much slower and less precise than gradient-based methods.

1. Particle Swarm Optimization (PSO)

Particle Swarm Optimization     (PSO) is a population-based optimization algorithm inspired by the 
social behavior of bird flocks and fish schools. Each individual in the swarm (a particle), represents 
a potential solution. These particles move through the search space by updating their positions 
based on experience and knowledge shared by neighboring particles. This cooperative mechanism 
helps the swarm converge toward optimal or near-optimal solutions.

Below is a simple Python implementation of PSO to minimize the Rastrigin function, a common 
benchmark in optimization problems:

 Each particle has a position, velocity and remembers its personal best position and value.

 Velocity is updated using: Inertia (current movement), Cognitive 
component (attraction to personal best) and Social component (attraction to global 
best).

 Position is updated by adding velocity and clipped within bounds [−5.12,5.12].

 The PSO function initializes particles and updates them over 100 iterations.

 In each iteration, it evaluates fitness, updates personal and global bests and moves particles.

 After all iterations, it returns and prints the best solution and its fitness value.

Diagram: Particle Swarm Search

Multiple particles (dots) swarm around the search space and slowly converge on the best 
solution without following a specific single path.

Quick Comparison Table for Exam

Class Math Used Best Use Case Speed per Step

First-Order Gradient ($\nabla f$) Deep Neural Networks Fast

Second-Order Hessian ($\nabla^2 f$) Small, rigid ML models Very Slow

Zeroth-Order Function Value ($f(x)$) Complex/Discrete logic Variable

https://www.geeksforgeeks.org/machine-learning/particle-swarm-optimization-pso-an-overview/


Would you like to dive deeper into Convex Optimization (Module 4) next, or move to 
Evolutionary Methods (Module 5) since they relate to the Zeroth-Order class?

III. Overview of Unconstrained and Constrained Optimization,

This is a foundational concept (Module 1 & 4) that dictates which mathematical tools you are 
allowed to use. In your exam, you will likely be asked to distinguish between these two 
mathematically.

1. Unconstrained Optimization

In the image above, the algorithm simply rolls down to the absolute lowest point (Global 
Minimum) without any barriers.

2. Constrained Optimization

This is optimization with "rules." You want to find the best value, but your variables ($x$) are 
restricted to a specific "Feasible Region."



 Analogy: You are a hiker looking for the lowest point in a valley, but you are fenced 
inside a park. The absolute lowest point of the valley might be outside the fence. You have 
to find the lowest point within the fence (which is often right up against the fence wall).

 Machine Learning Example: Support Vector Machines (SVM). You try to maximize the 
margin (optimization), subject to the constraint that all data points are correctly classified 
on the right side of the line.

Here, the "Global Minimum" is outside the allowed zone (Feasible Region). The "Constrained 
Minimum" is the best you can do while staying inside the shaded region.

Summary Comparison Table



Next Step?

Since "Basics of Convex Optimization" is the next sub-point in your syllabus (Module 1), would you 
like to explore what makes a function "Convex" and why that property is the "holy grail" for 
engineers?

Constrained vs Unconstrained Optimization

Unconstrained Optimization

Unconstrained optimization problems involve finding the optimal solution that minimizes or 
maximizes an objective function without any constraints. Unconstrained optimization is a 
fundamental problem in many fields, including machine learning, statistics, and operations 
research.

Types of Unconstrained Optimization:

 Local Optimization: Finds the optimal solution in a neighborhood of an initial point.

 Global Optimization: Finds the globally optimal solution, which may require exploring the 
entire search space.

Mathematical Formulation

Optimization of an objective function without any constraints on the decision variables.

Minimize or Maximize: f(x)

Where:

 f(x) is the objective function.

 x is the vector of decision variables.

Methods for Unconstrained Optimization

 Gradient Descent: For smooth functions, follows the direction of steepest descent (or ascent 
for maximization).

 Newton’s Method: Uses second-order derivatives (Hessian matrix) to find optimal points.

 Conjugate Gradient Method: Suitable for large-scale problems.

 Simplex Search: For non-differentiable functions.

Applications



 Machine learning (e.g., training models via loss minimization).

 Curve fitting and regression.

 Signal processing.

Challenges

 Sensitive to initial guesses.

 Risk of getting stuck in local optima (especially for non-convex functions).

Constrained Optimization

Constrained optimization problems involve finding the optimal solution that satisfies a set of 
constraints, in addition to minimizing or maximizing an objective function. The constraints can be 
equality constraints, inequality constraints, or a combination of both. Constrained optimization 
problems are common in many fields, such as engineering, economics, and operations research.

Mathematical Formulation

Optimization of an objective function subject to one or more constraints on the decision variables.

Methods for Constrained Optimization

 Lagrangian Formulation: Introduces a Lagrange multiplier to convert the constrained 
problem into an unconstrained problem.

 Karush-Kuhn-Tucker (KKT) Conditions: Generalizes Lagrange multipliers to inequality-
constrained problems.

 Penalty Methods: Converts constrained problems into unconstrained ones by adding a 
penalty term for violating constraints.

 Interior Point Methods: Iteratively approaches the feasible region’s boundary from the 
interior.

 Sequential Quadratic Programming (SQP): Solves a sequence of quadratic approximations 
to the problem.

Applications



 Portfolio optimization (maximize returns under risk constraints).

 Resource allocation (e.g., budget or capacity limitations).

 Engineering design (e.g., material strength, size restrictions).

 Production planning.

Challenges

 Higher computational complexity than unconstrained optimization.

 Constraints may create non-convex or disjoint feasible regions.

Key Difference

Basis
Unconstrained 
Optimization

Constrained Optimization

Constraints
No restrictions on decision 
variables

Subject to equality/inequality 
constraints

Complexity
Simpler, fewer computational 
resources

More complex, requires 
advanced techniques

Methods
Gradient-based or direct 
search methods

Lagrange multipliers, KKT, 
interior point

Application
s

Broad problems without 
external limits

Practical problems with real-
world constraints

Which to Use?

 Use unconstrained optimization when no restrictions exist on the variables.

 Use constrained optimization when the problem involves real-world restrictions, such as 
budgets, resource limits, or regulatory requirements.



IV . Basics of convex optimization




